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Consider a sparse multivariate polynomial f with integer coefficients. Assume that f
is represented as a “modular black box polynomial”, e.g. via an algorithm to evaluate f
at arbitrary integer points, modulo arbitrary positive integers. The problem of sparse
interpolation is to recover f in its usual sparse representation, as a sum of coefficients
times monomials. For the first time we present a quasi-optimal algorithm for this task
in term of the product of the number of terms of f by the maximum of the bit-size
of the terms of f.

1. INTRODUCTION

Consider a multivariate integer polynomial f € Z[xy,...,x,—1]. Then f can uniquely be
written as a sum

f:cox"’°+---+ct_1x€f—1, (11)

where cg,...,c;_1€Z7:={ieZ:i+0}and ey, ...,e;_1 € N" are pairwise distinct. Here we
Xn—1

understand that x*:=x(" - - - x;,"7 for any a = (ag, ..., a,—1) EN". We call (1.1) the sparse
representation of f.

In this paper, we assume that f is not explicitly given through its sparse representa-
tion and that we only have a program for evaluating f. The goal of sparse interpolation is
to recover the sparse representation of f.

Theoretically speaking, we could simply evaluate f at a single point a = (ay,...,4,-1)
with ag=2E, a4, =2F",...,a,_1 = 2F" for some sufficiently large positive integer E. Then
the sparse representation of f can directly be read off from the binary digits of f(a).
However, the bit-complexity of this method is terrible, since the bit-size of f (a) typically
becomes huge.
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2 FAST INTERPOLATION OF MULTIVARIATE POLYNOMIALS WITH SPARSE EXPONENTS

In order to get a better grip on the bit-complexity to evaluate and then interpolate f,
we will assume that we actually have a program to evaluate f modulo m for any positive
integer modulus m. We denote by Cs(s) the cost to evaluate f for a modulus with m <2°
and we assume that the average cost per bit A(s) := C¢(s) /s is a non-decreasing function
that grows not too fast as a function of s. Roughly speaking, when using fast integer
arithmetic, Ar(s) is essentially the number of arithmetic operations needed to evaluate f,
up to logarithmic factors in s. More generally, this notation is useful for practice in order
to distinguish the cost of the evaluation of f from the cost of the actual interpolation,
independently of the underlying integer arithmetic.

As in [15], for complexity estimates we use a random memory access (RAM) machine
over a finite alphabet along with the soft-Oh notation: f(z) = O( g(z)) means that
f(z) =g(2) (log (g(2)))°Y. The machine is expected to have an instruction for generating
a random bit in constant time (see section 2 for the precise computational model and
hypotheses that we use). Assuming that we are given a bound T for the number of terms
of f and a number X such that each term of f has bit-size <X, the main result of this
paper is the following;:

THEOREM 1.1. There is a Monte Carlo algorithm that takes a modular blackbox representation
of a sparse polynomial f € Z[xy,...,x,—1] of <T terms, each of bit-size <X, as input and that
interpolates f in time (Ag(XT) +n) O(X.T + n) with a probability of success at least '/,.

If the n variables all appear in the sparse representation of f, thenn=0O(Af(XT)) and
n=0(ZT), so the bound further simplifies into As(XT) O(=T). When using fast integer
arithmetic to evaluate f, the latter bound simplifies to Ly O(XT), where L stands for the
number of arithmetic operations needed to evaluate f. In addition, detecting useless
variables can be done fast, e.g. using the heuristic method from [28, section 7.4].

The problem of sparse interpolation has a long history and goes back to work by
Prony in the 18 century [41]. The first modern fast algorithm is due to Ben-Or and
Tiwari [6]. Their work spawned a new area of research in computer algebra together
with early implementations [11, 13, 20, 31, 34, 35, 38, 45]. We refer to [42] and [40, sec-
tion 3] for nice surveys.

Modern research on sparse interpolation has developed in two directions. The first
theoretical line of research has focused on rigorous and general complexity bounds [2,
3,4,14,17,32]. The second direction concerns implementations, practical efficiency, and
applications of sparse interpolation [5, 19, 21, 23, 26, 28, 30, 33, 36, 37].

The present paper mainly falls in the first line of research, although we will briefly
discuss practical aspects in section 5. The proof of our main theorem relies on some
number theoretical facts about prime numbers that will be recalled in section 2.3. There
is actually a big discrepancy between empirical observations about prime numbers and
hard theorems that one is able to prove. Because of this, our algorithms involve con-
stant factors that are far more pessimistic than the ones that can be used in practice.
Our algorithms also involve a few technical complications in order to cover all possible
cases, including very large exponents that are unlikely to occur in practice.

Our paper borrows many techniques from [17, 40] that deal with the particular case
when f is a univariate polynomial, and that achieves a quasi-optimal complexity bound
for when the bit-sizes of the terms of f are well-balanced. In principle, the multivariate
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case can be reduced to the univariate case: setting g(z) = f (z,zF,.. .,ZEH) for a sufficiently
large E€ N, the interpolation of f reduces to the interpolation of g. However, this reduc-
tion is optimal only if the entries of the vector exponents ¢; &€ N" are all approximately
of the same bit-size. One interesting case that is not well covered by this reduction is
when the number of variables 7 is large and when the exponent vectors e; are themselves
sparse in the sense that only a few entries are non-zero. The main contribution of the
present paper is the introduction of a quasi-optimal technique to address this problem.

Another case that is not well covered by [17, 40] is when the bit-sizes of the coeffi-
cients or exponents vary wildly. Recent progress on this issue has been made in [18] and
it is plausible that these improvements can be extended to our multivariate setting (see
also Remark 4.11). Theorem 4.9 also provides a quasi-optimal solution for an approxi-
mation of the sparse interpolation problem: for a fixed constant ¢ >0, we only require the
determination of at least (1 —¢) f correct terms of (1.1).

In order to cover sparse exponent vectors in a more efficient way, we will introduce a
new technique in section 3. The idea is to compress such exponent vectors using random
projections. With high probability, it will be possible to reconstruct the actual exponent
vectors from their projections. We regard this section as the central technical contribu-
tion of our paper. Let us further mention that random projections of the exponents were
previously implemented in [4] in order to reduce the multivariate case to the univariate
one: monomial collisions were avoided in this way but the reconstruction of the expo-
nents needed linear algebra and could not really catch sparse or unbalanced exponents.
The proof of Theorem 1.1 will be completed at the end of section 4. Section 5 will address
the practical aspects of our new method. An important inspiration behind the techniques
from section 3 and its practical variants is the mystery ball game from [23]; this connec-
tion will also be discussed in section 5.

Our paper focuses on the case when f has integer coefficients, but our algorithm
can be easily adapted to rational coefficients as well, essentially by appealing to rational
reconstruction [15, Chapter 5, section 5.10] during the proof of Lemma 4.8. However
when f has rational coefficients, its blackbox might include divisions and therefore raise
“division by zero” errors occasionally. This makes the probability analysis and the worst
case complexity bounds more difficult to analyze, so we preferred to postpone this study
to another paper.

Our algorithm should also be applicable to various other coefficient rings of charac-
teristic zero. However it remains an open challenge to develop similar algorithms for
coefficient rings of small positive characteristic.

Notation. Throughout this paper, we will use the following notation:

N {0,1,2,...}
N~ := {1,2,3,...}

For any k€ N, we also define

Ng
Zik

{0,...k=1
Ne- |5

We may use both Ny and Zj as sets of canonical representatives modulo k. Given i€ Z
and depending on the context, we write i rem k for the unique r € Ny or r € Z; with
i—rekZ.
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2. PRELIMINARIES

This section presents sparse data structures, computational models, and quantitative
results about prime distributions. At the end, an elementary fast algorithm is presented
for testing the divisibility of several integers by several prime numbers.

2.1. Sparse polynomials

We order N" lexicographically by <. Given formal indeterminates xy, ...,x,_1 and an
exponent e = (e, . ..,e,—1) € N", we define x°:=x{’ - - - x;7={. We define the bit-size of an
integer i€ N as ¢;:=min {s € N:i<2°}. In particular, 0p=0, 01 =1, ;2 =2, etc. We define
the bit-size of an exponent tuple e N" by ¢;:= 0, + - + 7, _,. We extend these definitions
to the cases when i € Z and e € Z" by setting o;:= 0} and 0, := 0}, where |e| = (leg|, .., le,—1).

Now consider a multivariate polynomial f € Z[xy,...,x,—1]. Then f can uniquely be
written as a sum

f=cox®+---F+or_1xT,

where ¢y, ...,cr_1€Z7 and ey, ..., er—1 € N" are such that eg< - -- <er_1. We call this
the sparse representation of f. We call e, ...,er_; the exponents of f and cy,...,cr_1 the
corresponding coefficients. We also say that cox®,...,c7_1x°"~" are the terms of f and we call
supp f:={eo,...,er-1} the support of f. Any non-zero ¢; ; with i€ Nt and j€N,, is called
an individual exponent of f. We define 0y := 0¢ + 0py+ -+ + Ocp_, + Oer_, to be the bit-size of f.

Remark 2.1. For the complexity model we could have chosen a multi-tape Turing
machine, but this would have led to more tedious cost analyses. In fact on a Turing
tape, we would actually need to indicate the ends of numbers using adequate markers.
Using a liberal notion of “bit”, which allows for the storage of such markers in a single
bit, the Turing bit-size of an integer i € N then becomes ¢;*:= 0;+ 1. For i€ N~, we also
define ¢%;:=¢;* + 1. Exponents e= (e, ...,e,_1) can be stored by appending the repre-
sentations of ey, ...,e,_1, but this is suboptimal in the case when only a few entries of e
are non-zero. For such “sparse exponents”, one prefers to store the pairs (7,¢;) for which
e; #0, again using suitable markers. For this reason, the Turing bit-size of e becomes ;" :=
min (o5 + -+ + 051, ZC#O (0" +07))+ 1.

2.2. Modular blackbox polynomials

Throughout this paper, we will analyze bit complexities in the RAM model as in [15]. In
this model, it is known [22] that two n-bit integers can be multiplied in time O(nlogn).
As a consequence, given an n-bit modulus m € N7, the ring operations in Z /m Z can be
done with the same complexity [9, 15]. Inverses can be computed in time O(1log?n),
whenever they exist [9, 15]. For randomized algorithms, we assume that we have an
instruction for generating a random bit in constant time.

Consider a polynomial f € Z[xy,...,x,—1]. A modular blackbox representation for f is
a program that takes a modulus m € N~ and n integers ay, ..., a,-1€1{0,...,m—1} as
input, and that returns f (a,...,a,—1) rem m € N,,. A modular blackbox polynomial is a poly-
nomial f that is represented in this way. The cost (or, better, a cost function) of such
a polynomial is a function Cs such that C¢(s) yields an upper bound for the running
time if m has bit-size <s. It will be convenient to always assume that the average cost
As(s) == Cs(s) /s per bit of the modulus is non-decreasing and that Ar(ks) < KOM As(s)
for any k>1. Since f should at least read its n input values, we will freely assume that
n=0(As(s)).
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Remark 2.2. A popular type of modular blackboxes are straight-line programs
(SLPs) [10]. For an SLP of length L that only uses ring operations, the above average
cost function usually becomes Af(s) <CLlogs, for some fixed constant C that does not
depend on f.

If the SLP also allows for divisions, then we rather obtain A¢(s) <C Llog2 s, but this is
out of the scope of this paper, due to the “division by zero” issue. In fact, computation
trees [10] are more suitable than SLPs in this context. For instance, the computation of
determinants using Gaussian elimination naturally fits in this setting, since the chosen
computation path may then depend on the modulus m.

However, although these bounds “usually” hold (i.e. for all common algebraic algo-
rithms that we are aware of, including the RAM model), they may fail in pathological
cases when the SLP randomly accesses data that are stored at very distant locations on
the Turing tape. For this reason, the blackbox cost model may be preferred in order to
study bit complexities. In this model, a suitable replacement for the length L of an SLP is
the average cost function A¢(s), which typically involves only a logarithmic overhead in
the bit-length s.

2.3. Number theoretic reminders

All along this paper S (resp. T) will bound the bit-size (resp. number of terms) of the
polynomial to be interpolated, and r and g will denote random prime numbers that sat-
isfy:

o T<r=0(9),

e geNr+1,

e g=0(r%).
The construction of r and g will rely on the following number theoretic theorems, where
log stands for the natural logarithm, that is loge=1. We will also use log x:=1log x /log 2.

THEOREM 2.3. [43, Equation (3.8)] For A >21, there exist at least %/\ /log A distinct prime

numbers in the open interval (A,2A).

1i53éilo_gx if x> e® and p(x) :=1.538 e otherwise. For all N >1, the
oglog x

number of prime divisors of N is bounded by p(N).

THEOREM 2.4. Let p(x) :=

Proof. The function p(x) is increasing for x > e® and p(e®) =1.538e. So it is always
non-decreasing and continuous. The number of prime divisor of any N <15 it at most
2<1.538e. Let d(N) and w(N) respectively be the number of divisors and prime divi-
sors of N. Then clearly 29N < 4(N). Now for all N >3 we know from [39] that

w(N)<logy d(N) <p(N). O

We will need the following slightly modified version of [16, Theorem 2.1], which is
itself based on a result from [44].

58
THEOREM 2.5. There exists a Monte Carlo algorithm which, given € >0 and R > 25_2’ produces

a triple (r,q,w) that has the following properties with probability at least 1 — ¢, and returns fail
otherwise:

a) r is uniformly distributed amongst the primes of (R,2R);
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b) there are at least R/ (24 log R) primes in (2 RRON(rN+1)and q is uniformly distributed
amongst them;

¢) w is a primitive r-th root of unity in F,.

Its worst-case bit complexity is (log R)OV.

Proof. In [16, Theorem 2.1] the statement (b) is replaced by the simpler condition that
q<RS. But by looking at step 2 of the algorithm on page 4 of [44], we observe that g is

actually uniformly distributed amongst the primes of (2 R,R® N (*N +1) and that there
are at least R°/ (24log R) such primes with high probability >1— 2. a

LEMMA 2.6. Let € be a real number in (0,1) and let P >22 be such that P /log P >4n. There exists
a Monte Carlo algorithm that computes distinct random prime numbers py, ...,py—1in (P,2P)
in time

O(n (logn+1log (1)) (log P)°D,

with a probability of success of at least 1 —e.

Proof. Theorem 2.3 asserts that there are at least %P /log P primes in the interval (P,2P).

The probability to fetch a prime number in (P,2 P) while avoiding at most # fixed num-
bers is at least

3 P 3 1y P
5logP S (E‘Z) ogP 7
p 7 P ~ 20log P’
The probability of failure after k trials is at most (1 — ﬁ)k. By using the AKS algo-

rithm [1] each primality test takes time (log P)°V. The probability of success for picking 1
distinct prime numbers in this way is at least

(1= (- agn) )

In order to guarantee this probability of success to be at least 1 —¢, it suffices to take
—log (1—(1—¢)!/™
> :
~log (1 - 2010gP)

k>

The concavity of the log function yields x < —log(1 —x) < % for x€(0,1), whence

3
—log(1—¢) _¢ T €
n 2521_%2_10‘%(1_211)’
n

and consequently,

—log (1—(1— )M < —log (%)

On the other hand we have —log (1 — ZOIZg P) > ZOIZg 5- It therefore suffices to take

k:= [2—70(10g (2n) +log (8_1))10gP]. O
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2.4. Amortized determination of prime divisors in a fixed set

Let po< -+ <pn—1 be prime numbers and let a9 < - - - <an_1 be strictly positive integers.
The aim of this subsection is to show that the set of pairs {(i,k) :i€ N,k € Ny, p;|ai} can
be computed in quasi-linear time using the following algorithm named divisors.

Algorithm divisors
Input: non empty subsets J C N, and K CNy.
Output: the set {(i,k) € I x K:p;|ag}.

1. If | K| =1, then return {(i,k) € I x K:p;|ax}.

2. Let h:=[|K|/2], let K1 be a subset of K of cardinality /1, and let Kp:= K\ K.
3. Compute Aj:= erm arand Ay := erKz ay.

4. Compute Jq:={i€ J:p;|A1} and Jp:={i€ I :p;| Az}

5. Return divisors(Jy, K1) Udivisors(J,, K»).

LEMMA 2.7. The algorithm divisors is correct and runs in time O(s log3 s), where
s:=log(po- - Pn-140---an-1)-

Proof. Let a:=log(] [, ax) and B:=log([ [,cypi)- Step 1 costs O((a + B) logz(a +B))
by using fast multi-remaindering [15, Chapter 10]. Using fast sub-product trees [15,
Chapter 10], step 3 takes O(«xlog? «). By means of fast multi-remaindering again, step 4

takes O((a + f)log?(a+ f3)) operations.
Since the p; are distinct prime numbers, when entering step 5 we have

1_[ pi< l_[ ar for m=1,2.
iedy, ke X,

Let T (x) denote the cost of the inner recursive calls occurring during the execution of the
algorithm. Inside the recursive calls, B <a holds, so we have shown that

T(a) =T(log A1) + T(log A2) + O(alog? ).

Unrolling this inequality and taking into account that the depth of the recursion is
O(log N)=0(log(ap---an-1)), we deduce that T () = O(oclog3 ). Finally, the total cost
of the algorithm is obtained by adding the cost of the top-level call, which is

T(a) +O((a+pB) logz(a +B)) = O(slog3s).

Note that S <a does not necessarily hold for this top-level call. O

3. PROBABILISTIC CODES FOR EXPONENTS

Consider a sparse polynomial f =) . c.x° that we wish to interpolate. In the next
section, we will describe a method that allows us to efficiently compute most of the expo-
nents e in an encoded form ¢(e). The simplest codes ¢(e) are of the form

ple)=eopo+---+ep_1Hn-1. (3.1)

When supp f C NE, the most common such encoding is the Kronecker encoding, with y; = E'
for all i e N,. However, this encoding may incur large bit-size =n o with respect to
the bit-size of e.
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The aim of this section is to introduce more compact codes ¢(e). These codes will
be “probabilistic” in the sense that we will only be able to recover e from ¢(e) with high
probability, under suitable assumptions on e. Moreover, the recovery algorithm is only
efficient if we wish to simultaneously “bulk recover” T exponents from their codes.

3.1. The exponent encoding

Throughout this section, the number of variables n € N~ and the target number of expo-
nents T € N~ are assumed to be given. We allow exponents to be vectors of arbitrary
integers in Z". Actual computations on exponents will be done modulo B” for a fixed
odd base B and a flexible B-adic precision v. We also fix a constant P > 22 such that

2nlogB<P<(2P)*<B (3.2)

and we note that this assumption implies

@ >4n (33)
and

B>1937 and op>11. (3.4)
We finally assume y > 1 to be a parameter that will be specified in section 4. The exponent
encoding will depend on one more parameter

1<m<n

that will be fixed in section 3.2 and flexible in section 3.3. We define
A= [’y—].

Our encoding also depends on the following random parameters:
e ForeachkeN),, letiyy,...,ix,—1 be random elements in N, and I;:={iko,...,ikm—1}

o Let py,...,pu—1 be pairwise distinct random prime numbers in the interval (P,2P);
such primes do exist thanks to Lemma 2.6 and (3.3).

Now consider an exponent e = (e, ...,e,—1) € Z". We encode ¢ as
Prle) = (Z p,»el-) remB"eZgr for keN,
i€ly

(Po(e), ..., pr_1(e)) E Zipw.

¢(e) :

We will sometimes write ¢!"#!1 and cp,EV’p ! instead of ¢ and ¢y in order to make the
dependence on v, p and I = (I, ..., Iy 1) explicit.

Example 3.1. Let us take n =12, B=3221225473, v=1, P=28377, m=4, and y=3. Then
A =9 and possible random choices for py,...,py—1 and Iy,..., [ _1 are

(po,--.,p11) = (45953,52769,40433,39511,53773,37217,33851,43711,47149,
28789,54973,31543)
(lo, ..., Is) = ({9,10,4,1},{2,6,4},{7,5,4},{0,1,8,11},{10,1,4,11}, {7, 6},
{2,3,10,5},{8,1,11},{8,4,2}).
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Now consider the sparse exponent vectors

e = (1234,0,0,0,0,2048,0,0,0,0,999,0)
e’ = (0,0,121,0,1001,0,0,0,0,0,1728,0).

Their encodings are given by

¢Pe) = (54918027,0,76220416,56706002,54918027,0,131138443,0,0)
¢e') = (148820117,58719166,53826773,0,148820117,0,99885737,0,58719166).

3.2. Guessing individual exponents of prescribed size

Given an exponent e= (e, ...,e,_1) € Z" of f, our first aim is to determine the individual
exponents ¢; of small size. More precisely, assuming that

_ n
#e := {ieNy:e;#0} < pot

we wish to determine all ¢; with 4P |e;| < B".
We say that ¢(e) is transparent if for each i € N, with e; #0, there exists a k € N, such
that {j&€Ix:e;# 0} = {i}. This property does only depend on the random choices of the I.

LEMMA 3.2. Assume that #e<n/m. Then, for random choices of I,...,15, the probability that ¢(e)
is transparent is at least 1 — (n/m) e v/e

Proof. Let J:={ieN,:e;#0} and #e=|J|<n/m. Given ke N, and i € J, the probability
that I, N J = {i} is

mm—#e)" 1 m #e\m-1_m 1\m-1_ _m
= () R () e

i RNy .
n “n m n

The probability that I N J = {i} for some k is therefore at least
(1t \T S e
1-(1-e1 ) 21—
We conclude that the probability that this holds for all i€ 7 is at least 1 — (n/m)e™"/%. O

Example 3.3. In Example 3.1, we observe that ¢(e) is transparent, by taking k=3,2,4 for
i=0,5,10. However, ¢(¢) is not transparent, since no suitable index k can be found for
i=2. For our parameters, the probability from Lemma 3.2 becomes 1 —3e™>/¢~0.005 > 0.
For random e with #e =3, it turns out that this bound is a bit pessimistic.

We say that ¢(e) is faithful if for every k€ N, and i€ N,, such that 4P |e;] < B” and
pil¢i(e), we have Pr(e) =pie;.

LEMMA 3.4. For random choices of p, .. .,pn—1, the code ¢ (e) is faithful with probability at least

_16Avn*logB

1 P

Proof. Let P be the set of all primes strictly between P and 2 P. Let U be the set of all
(Po,---,Pn-1) € P"such that py, ..., p,—1 are pairwise distinct. Let X be the subset of U of
all choices of py, ...,pn—1 for which ¢(e) is not faithful.
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Consider ke N,, i€ N, and (py,...,pu—1) € U be such that p;| ¢x(e), 4Plej] < B” and
pr(e) #piei. Let @:=¢i(e) —pie; #0. For eachge P, let

pi—»q = (po, e Pi—1 9, Pitls - /pn—1>

and ¢ := pl"P=#1l 50 that ¢!P) = ¢. For each g€ P, using 4 Ple;| < B, we observe that

gb[q](e) =d+qge;+eBY

necessarily holds with e {—1,0,1}.
Now consider the set Q;kp,,... pi1pis1,...,p. Of € P such that gb,Eq](e) is divisible by g.
Any such g is a divisor of either & —B", ®, or ® + B". Since B is odd we have

Pl <t

and therefore
B"—1 BY 1
|q)|<|¢k(e)|+|piei|<T+7:BV—§.
It follows that ® + ¢ BY #0. Hence g divides the non-zero integer |® — B"||®||P + B"| <

(2B")3. Since g > P we deduce that

log (2BY)
|Q/i,k,p1,“.,p,‘_1,pi+1 ..... pn| S 3 & ]

[ log P

log(ZB")
<3( log P )

(vlogB log(ZP))

=3 log P log P

N

vlogB logB
3( log P +210gP) (by (3.2))

9vlog B
=~ 2logP -

Now let
‘xi,k = {(PO/ e /Pn—l) € u ‘pi € Q/i,k,po,. cDim1Pidls e, Pn—l}’

so that XCJ ik Xi k. By what precedes, we have

| L] \ vlog B
X<y () o

whence

9 | P \ log B
IXIQE/\vn (n—l) log P

From |U|= ('p ') we deduce that

@< 9Avn®log B
U = 2P —n+1)log P’

From Theorem 2.3 we know that [ | >3/5 P /log P. This yields || >%4P/log P, as well as
| P| >2n, thanks to (3.3). We conclude that
1 9Avn2logB < 16Avn?log B
U= [PllogP P '
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Example 3.5. Following up on the Example 3.1, consider the matrix

4192 0 30342 0 4192 0 34534
38267 0 21980 32096 38267 0 7478
10013 0 4211 18936 10013 0 14224
37248 0 3697 7717 37248 0 1434
15794 0 24075 29260 15794 0 39869
22952 0 0 24511 22952 0 22952
11705 0 21815 5577 11705 0 33520
17011 0 32143 12835 17011 0 5443
0 0
0 0
0 0
0 0

(@)
(@)

(3.5)

36591 0 27632 32904 36591 0 17074
17404 0 15933 20461 17404 0 4548

0 27838 28839 0 27838
1664 0 12528 23231 1664 0 14192

OO OO DODDODDODODOOO
OO OO DODDODDODODOOO

whose rows are the reductions of ¢(e) modulo py,...,p11. By investigating the zero coef-
ficients of this matrix, we verify that ¢(e) is faithful. Again, for our choice of parameters,
the probability estimate from Lemma 3.4 turns out to be somewhat pessimistic.

Given ¢y € ng and i€ Ny, let ky; be the smallest index such that p; |y it 0 and
4Pyx, |/ pi< B". If no such ky, ; exists, then we let ky ;:= L. We define ky:= (ky,0,..., ky,n—1).

Assume that = ¢(e) is transparent and faithful for some e€ Z". Givenie€ N, let &;:=
¥,/ piif ky;# L and é;:= 0 otherwise. Then the condition 4P|y, |/p;<B" implies that
2p;léil < B” always holds. Moreover, if 4 Ple;| < B”, then the definitions of “transparent”
and “faithful” imply that ¢; =¢;. In other words, these e; can efficiently be recovered
from ¢ and ky.

Example 3.6. Following up on our running Example 3.1, recall that ¢(e) is both trans-
parent and faithful. We claim that we can reconstruct e from ¢(e). Indeed, by looking
at the matrix (3.5), we observe that k,=(3,1,1,1,1,2,1,1,1,1,0,1). Consequently,
eo=¢(e)3/po, es=¢(e)2/ps, and erp=¢p(e)o/ p10-

In what follows, we will need a procedure to efficiently compute k; for a large
number T of different encodings 1, corresponding to the terms of a sparse polynomial.

LEMMA 3.7. Let @°,..., "N e (Zg)T, where Tv>m. Then we can compute (kyo, ... kyr-1)
in time O(T Avlog B).
Proof. Note that the hypotheses Tv>m and > 1 imply that n=O(T Av). Using

Lemma 2.7, we can compute all triples (j,i,k) with p;| 1/],{ in time
O(TAvlogB+nlogP)=O(TAvlogB),

thanks to (3.2). Using O(T A vlog B) further operations we can filter out the triples
(j,i,k) for which 4 P|i}|/p; < BY. We next sort the resulting triples for the lexicograph-

ical ordering, which can again be done in time O(TA vlog B). For each pair (j,7), we
finally only retain the first triple of the form (j,i,k). This can once more be done in time

O(T Avlog B). Then the remaining triples are precisely those (j, ikyi) withkyi;#1. O

The following combination of the preceding lemmas will be used in the sequel:
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LEMMA 3.8. Let e=(¢°,...,eT="1y € (ZMT and let Y= (1/10, el l/JT_l) (S (ZQV)T be the corre-
sponding values as above. Let ] be the set of indices j € N such that ¢/ = ¢p(e/) and #e/ <n/m.
Then there exists an algorithm that takes  as input and that computes é= (&°,...,&" 1) e (z™?T
such that 2 p; el < BY for all (i,j) € N, x Nt and él=e for all j € J with 4P le]| < BY. The
algorithm runs in time O(T Avlog B) and succeeds with probability at least

1— Tﬂe—v/e_
m

16AvTn*log B
P .

Proof. Lemmas 3.2 and 3.4 bound the probability of failure for the transparency and the
faithfulness of the random choices for each of the T terms. The complexity bound follows
from Lemma 3.7. |

3.3. Guessing exponents of prescribed size

Our next aim is to determine all exponents e/ e Z" with 0,i < X, for some fixed threshold
¥ e N. For this, we will apply Lemma 3.8 several times, for different choices of ¢!,
Let

U:=[logomin (X,n)]+2.
Foru=1,...,U,let

53
{uy ._
v = 2u—u]
w _ |_"
mt 2U—u]
{uy ._ [ n
A= 7m{u)1'

We also choose p'™ and I*} independently at random as explained in section 3.1, with
v m™ and A in the roles of v, m, and A. So p{”} is a set of n pairwise distinct random
prime numbers in (P,2P) and I isa tuple (Iéu},...,l /{fg_l) of subsets of N, of cardinality

m". We finally define
) pytu) iy

4,{11} = 4)[1/
foru=1,...,U.
Note that the above definitions imply
4min (X, 1) <2Y < 8min (X, n) (3.6)
and 1 <m"™ < n. The inequality m™ <n/2Y7" + 1 implies

2
2u_“<m—z}, whenever m " >2. (3.7)

If m" =1, then 2Y7* < 2Y=1<dn=4n/m™, so, in general,

_ 4n
U g — (3.8)
By (3.6) we have 5Z >2Y~1, whence
v <@ <<yt (3.9)

LEMMA 3.9. For u=1,...,U, we have A"} v <18+ Z.
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Proof. From 7y >1, we get

A Ty 2t gy 2U L, (3.10)
Now
A ) o (25? )vzu-”“ (by (3.10))
< Y (10X 24U+
< 1873, (by (3.6))
which concludes the proof. O

THEOREM 3.10. Let e= (°,...,e" ™) € (Z")  and let " = (0,9 T~y € (Z7,w)" for
i=1,...,U be as above. Assume that T¥.>n. Let | be the set of indices j € Nt such that o,; <X
and 1" =1 (el) forallu=1,...,U. Then there exists an algorithm that takes p1},..., 1"
as input and that computes e = @°...,eT"HY e (Z"T such that 05 <X foralljeNrand ¢l =e
forall j€]. The algorithm runs in time O(7yT X1log B) and succeeds with probability at least

288U X Tn?log B

— /e _
1-TnlUe P

Proof. We compute successive approximations e!”, e, ... ¢! of e as follows. We start
with e!”:=0. Assuming that e”~! is known, we compute

§li= (" — (")) rem B* € Z 1

{u—-1}

for all j€ N7, and then apply the algorithm underlying Lemma 3.8 to e:=e—e and

¢:=@°...,¢T1). Note that for all j€ ] the equality "/ = ¢} (e/) implies

¢l = (9" -9 (")) remB""
— gb{”}(e] _ (e{u 1})])
Our choice of v and m ", the inequality (3.6), and the assumption T X >n successively
ensure that ;
m®  gm+1l pq42U-t

n
plu} = 5% = 5% \f
oU—u

<T,

so we can actually apply Lemma 3.8.

Let ] be the set of indices j€Nrsuch that gbj = <p{“}(éj) and #¢/ <n/m™. Lemma 3.8
provides us with e = @ ...,eT e (Zz"T such that 2p; |Ej| <B"" forall (i,/) EN, xN7. In
addition & =¢/ holds whenever j& ] and 4P|¢]| < B v with probability at least

1_1" e_y/e_l6Av{“}Tn210gB'
m P
Now we set
eli=e1 45 (3.11)

At the end, we return é:=e'" as our guess for e. For the analysis of this algorithm, we

first assume that all applications of Lemma 3.8 succeed. Let us show by induction (and
with the above definitions of l[) and e) that, forallieN,, jeJ,and u=1,...,U, we have:
i #el <ny/m,
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. ' w
ii. 2P|(e"™)]|<BY";

iii. (e{”}){: = elj whenever 4 P |e{| <B"" (1 — %)

If u=1and m" =1 then (i) clearly holds. If u=1and m'V >2, then (3.6) and (3.7) imply
n/mM =292 > min (Z,n). Since jE€J we have 0, <X. Now we clearly have #el o,jand
#e! <n, so (i) holds.

If u>2, then let i € N,, be such that é{ #0, so we have (e{”_”){ +* elf. The induction
hypothesis (iii) and (3.4) yield

j Jlu=1) _E E Jlu=1)
aple) > (1-5 )58

whence 6P|e/| >B"""". Consequently,

log, |e{| > -1 log, B—1log,(6P)

B
> v{”_l}logz (since yl=1 > 1)

33
> v{”_l}logzg (by (3.2))
> —V{u_l}(zop_3) (since B>2%"1)
> ey

> e (by (3.4))
> ﬁ (by (3.8))

Hence the total bit-size of all |e{ | such that é{ +01is at least (#¢/) X/ (n/m™) and at most &
by definition of . This concludes the proof of (i). Now if j& ], then !"/' = ¢t (¢/) = ¢/,
so Lemma 3.8 and (i) imply that j € J . In other words, we obtain an approximation &
of é such that 2p™ |é{| <B"" for all (i,j) Ny x ], and é{ = e'{ holds whenever 4 P |e'{| <B"".

Let us prove (ii). If u=1, then 2P |(e{1}){| =2P |é{| <B"" . Ifu >2, then (3.11) yields

2P| < 2P|(e™ ]| +2PJ)|
< BV{“_”+2P|511| (by induction hypothesis (ii))
< By{u—])+ zil}BV(u}
2p;
Ju=1) L o . {u}
< Bt (since p;"" >P+1)
BV{“) P ()
< —=B" '
ST tpral By 32
Bv{u) P V{u)
< PETTPAT by (3:2)

{u}
= BV .
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As to (iii), assume that 4 P |e{| <Bv" (1 - %) If u=1, then (e{”}){ = élj =¢! is immediate. If

i
u =2, then the induction hypothesis (ii) yields 2P| (e{”_l}){ |<B ”(H), whence
4Pe]| < 4Ple]|+4P|" ]
< B"" —2p""~1y2pv"
< BV, (by (3.9))

p

We deduce that élj = élj holds, hence (3.11) implies (iii). This completes our induction.
At the end of the induction, we have v{¥} =5% and, for all (i, NEN,x],

5Ple]] < 5P2% (since 0, <L)
< 5,BY22% (by (3.2))
_ 5/2Bv{u)/(510g23)+1/2
< 5,BV"150+1/2 (by (3.4))
< B0+ (by (3.4))
< B " (since V{U}Zl)

By (iii) and (3.4), this implies the correctness of the overall algorithm.

As to the complexity bound, Lemma 3.9 shows that Ay =0y X), when applying
Lemma 3.8. Consequently, the cost of all these applications for u=1,...,U is bounded by

u
O > A“Tv®logB

u=1

=O(yTZUlogB) =0(yTZlogB),

since U=0(logZX). The cost of the evaluations of (,b{”} ((e'*=1/) and all further additions,
subtractions, and modular reductions is not more expensive.
The bound for the probability of success follows by induction from Lemmas 3.8

and 3.9, while using the fact that all p'*} and I'* are chosen independently. a

4. SPARSE INTERPOLATION

Throughout this section, we assume that f is a modular blackbox polynomial in
Z[x1,...,x,] with at most T terms and of bit-size at most S > T. In order to simplify
the cost analyses, it will be convenient to assume that

S>max (n,2'9).

Our main goal is to interpolate f. From now on #f will stand for the actual number of
non-zero terms in the sparse representation of f.

Our strategy is based on the computation of increasingly good approximations of the
interpolation of f, as in [3], for instance. The idea is to determine an approximation f
of f, such that f — f contains roughly half the number of terms as f, and then to recur-
sively re-run the same algorithm for f — f instead of f. Our first approximation will only
contain terms of small bit-size. During later iterations, we will include terms of larger
and larger bit-sizes.

Throughout this section, we set

B:=200¢ and X:=|BS/TJ, (4.1)
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so that at most T/ of the terms of f have size >X. Our main technical aim will be to
determine at least T /2 —#f terms of f of size <X, with high probability.

4.1. Cyclic modular projections

Our interpolation algorithm is based on an extension of the univariate approach from [17].
One first key ingredient is to homomorphically project the polynomial f to an element
of Z[t]/(t"—1,M) for a suitable cycle length r € N~ and a suitable modulus M (of the

form M = B", where B is as in the previous section and v € N~).
More precisely, we fix

R:=max (S,2°%) g2 (4.2)

and compute (7,4, w) as in Theorem 2.5. Now let 7y,..., T,_1 be random elements of
{1,...,r—1}, and consider the map

Hr,r:Z[xOIwan—l] I Z[t]/(tr_1>
f— f(E,..,t7 ) mod (t'—1).

We call Il , a cyclic projection.

LEMMA 4.1. The bit-size of the product of the non-zero coefficients of I1,(f) is at most oy.

Proof. Given A=ag+ - +a,_1 7" € Z[t]/ (t'=1), let o4 := Oag+ ++ + 0q,_, and 7T(A) :=
Ha,»;eo a;. Note that 0;, ;< 0;+ 0; and 03;< 0; + 0j for any i, j € Z. The first inequality yields
o11,,(f) < 0f, Wwhereas the second one implies 011, ,(f)) <011, ,(f)- O

Given a modulus M € N~, we also define

HT,r,M5 Z[XO, . ,xn_l] —> Z[t] / (tr— 1,M)
f— f%,. .t Ymod (t'—1,M)
and call I'l; , 1 a cyclic modular projection.

If IT=I1,,, then we say that a term cx® of f and the corresponding exponent e are
I1- faithful if there is no other term ¢’ x¢ of f such that IT(x¢) = H(xel). If IT=T11¢ M,
then we define Il-faithfulness in the same way, while requiring in addition that ¢ be
invertible modulo M. For any « >2, we note that cx® is 1, p-faithful if and only if cx®
is I'l; , mr-faithful. We say that f is II-faithful if all its terms are II-faithful. In a sim-
ilar way, we say that f =11, ,(f) is M-faithful if c rem M is invertible for any non-zero
term ct® of f.

The first step of our interpolation algorithm is similar to the one from [17] and consists
of determining the exponents of f:=TI,(f). Let g be a prime number. If f is g-faithful,
then the exponents of f are precisely those of f rem g= Iz, q(f).

LEMMA 4.2. We can compute I, 4(f) in time
Ar(ay) raq+n©(rlog q).

Proof. We first precompute 1, w, ..., w"

~Lin time rO(log ). We compute 77:= I1:,4(f) by
evaluating 7t(w') = f(w'™,...,w'™) for i=0,...,r— 1. This takes A¢(c;) ro; + nrO(log q)
bit-operations. We next retrieve 7t from these values using an inverse discrete Fourier
transform (DFT) of order r. This takes O(r) further operations in F,, using Bluestein's

method [7]. i
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Assuming that f is g-faithful and that we know I1¢,,4(f), consider the computation of
Iy, 4v(f) for higher precisions v. Now f is also q"-faithful, so the exponents of I1+ , 4v(f)
and I, 4(f) coincide. One crucial idea from [17] is to compute I, 4+(f) using only T :=
#I1¢,,(f) instead of r evaluations of f modulo q”. This is the purpose of the next lemma.

LEMMA 4.3. Assume that f is g-faithful and that T, 4(f) is known. Let T":=#I1., ,(f) <Tand
let g(x):= f(ax), where a = (a,..., 0y_1) € NZ;V is such that a;rem q#0 for all i€ N,,. Then
we may compute I, 50(g) in time

Ar(va) T voy+ nO((T' +logr) vlogq).
Proof. We first Hensel lift the primitive r-th root of unity w in F, to a principal r-th root
of unity @ in Z/q" Z in time log ré(vlog q), as detailed in [17, section 2.2]. We next

compute @,..., @™ in time nlog r O(vlog q), using binary powering. We pursue with
the evaluations v;:= f (g @',y O fori=0,..., T’ —1. This can be done in time

Ar(vay) T'v0q+nT’O(vlog q).

Now the exponents ey, ...,er' €N, of I, ;+(g) are known, since they coincide with those
of IT; ,4(f), and we have the relation

1 1 ce 1 Co 0o
Qe @4 @1 1 U1
. . - !
T’ =Deo HT'=De . HT'=Der—1 [{ o0, UT'—1

where c; denotes the coefficient of t* in I, 4v(g), fori=0,..., T' —1. It is well known that
this linear system can be solved in quasi-linear time O(T’ vlog q): in fact this problem
reduces to the usual interpolation problem thanks to the transposition principle [8, 35];
see for instance [25, section 5.1]. O

4.2. Probability of faithfulness

The next lemma is devoted to bounding the probability of picking up random prime
moduli that yield g-faithful projections.

LEMMA 4.4. Let N (resp. N*) be the number of terms (resp. 11, ,~faithful terms) of f of size <X.
Let the cycle length r and the modulus q be given as described in Theorem 2.5. If the Ty,..., Tn—1

are uniformly and independently taken at random {1,...,r—1}, then, with probability >1— %,

the projection f is q-faithful and
3 T
N >2[1-—|N—=.
( \/F) P

Proof. We let e:=1/8 and R>2%/¢? as in (4.2), which allows us to apply Theorem 2.5.
Let f=), cx’and E:={eeN":c,#0 A 0, + 7, < X}. For any e€ Z", let

o= [ ] lei.

Bﬁéo
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Given e € E, consider 7, := 71, [T () 7'~ and note that . < 2% We say that e is
admissible if eremr#0 and (e’ —e) remr#0 for all e’ €E \ {e}. This is the case if and only
if 77, is not divisible by . Now 7, is divisible by at most p(2/F*) distinct prime numbers,
by Theorem 2.4. Since there are at least

%R/logR;%ﬂzs/log (B>S)

prime numbers in (R,2R), by Theorem 2.3, the probability that 7, is divisible by r is at
most
p2"%)

2B25/log (B2S)
From (4.1) we obtain X > > 64, whence 2IEX > e¢ Tt follows that

p(2'E'Z) < 1.53810g(2‘E'Z) /log (log (Z'E‘Z))
%IBZS/log(ﬁZS) = 0.6 82S/1og (B2S)

1.538|E|Z/log (IEIX)
= 0.6B2S/log (B2S)
1.538|E|Z /1og (IEIZ)
= 0.6B2S/log (B2S2?)
_ 1.538|E|X/log (IE|T)
~ 0.3B%S/log (BS)
5.127 T /log (X T)
=~ B BS/log(BS)
5.127

< B (4.3)

since BS =X T from (4.1). Now consider two admissible exponents ¢ # ¢’ in E and let
i€ N, with (¢;—e;) rem r #+0. For fixed values of T; with j#1i, there is a single choice
of ;€{1,...,r—1} with 7- (e —e’) rem r=0. Hence the probability that this happens
with random 7y, ..., 7,-11s 1/ (r —1). Consequently, for fixed e € E, the probability that
T-(e—e')remr=0 for some e’ €E \ {e} is at most

|E| |[E| _ |E| |E] 1 1
7—1SR Sp2s SBETSBT Seap

(since |EILT)

(4.4)
thanks to (4.1). .

Assuming now that r is fixed, let us examine the probability that f is g-faithful. Let 7t
be the product of all non-zero coefficients of f. Then f is g faithful if and only if g does
not divide 7. Now the bit-size of the product 7t is bounded by ¢y <S, by Lemma 4.1.
Hence 7t is divisible by at most 1.538 S /log S prime numbers, by Theorem 2.4 and our
assumption that S >2'6. With probability at least

1
1-—=, 4.5
5 (4.5)
there are at least R°/ (24log R) prime numbers amongst which g is chosen at random, by

Theorem 2.5(b). Assuming this, f is not g-faithful with probability at most

1.5385/10g5<37< 1

R5/(24logR) ~R* 108’ (4.6)
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since R>S>21 by (4.2).

Let E' be the set of e € E such that c,remg#0and 7-(e—e’) remr#0 foralle’ €E\ {e}.
Altogether, the bounds (4.3), (4.4), (4.5), and (4.6) imply that the probability that
a given e € E belongs to E’ is at least 1 —9¢. It follows that the expectation of |E’| is
at least (1—9¢)|E|. For 3

0:=,9e=—,
P
this further implies that the probability that |[E'| < (1 —9¢/6) |E| cannot exceed é: other-
wise the expectation of [E'| would be <6(1—9¢/6) |E|+ (1—0)|E|=(1-9¢) |E|.

We finally observe that e € E’ is I, ,faithful whenever 7- (e —e’) rem r # 0 for all
e’ €supp f such that o;, + 0, >X. Now for every e’ with ¢, + 0,» > %, there is at most one
ecE witht-(e—e)remr=0:if - (@—e')remr=0foré€E’, then T- (6 —e) remr =0,
whence é=e. By (4.1), there are at most T/ § exponents e’ with o, + 0, >X. We conclude
that N*> (1-9¢/8) N—T/p, whenever |[E'| > (1—9¢/6) |El. O

4.3. Computing probabilistic codes for the exponents

Lemma 4.3 allows us to compute the coefficients of I1;, ;v(f (#x)) with good complexity.
In the univariate case, it turns out that the exponents of Il , ;-faithful terms of f can be
recovered as quotients of matching terms of I, g2 (1 + q") f) and T, g2( f) by taking v
sufficiently large.

In the multivariate case, this idea still works, for a suitable Kronecker-style choice
of 7. However, we only reach a suboptimal complexity when the exponents of f are
themselves sparse and/or of unequal magnitudes. The remedy is to generalize the “quo-
tient trick” from the univariate case, by combining it with the algorithms from section 3:
the quotients will now yield the exponents in encoded form.

Let us now specify the remaining parameters from section 3. First of all, we take
B:=q", where

_[6logS+4logn+52log2

o logq
Consequently,

22450 < B<272n*5%g. (4.7)
We also take P:= [\/F / 2J and 7:=[6elog S]. Since B is odd, the inequalities (3.2) hold.
We compute U and V{”},p{”},l{”} foru=1,...,U as in section 3.3.
Foru=1,...,U, keENuw, andieN,, let

I o= 11

T,r,BZVW}

Lo [ 1+pl B el
ki 1 otherwise.

For any term cx® with c€ Z and e € N”, note that
H{u}(cxe) — (pTeremr
{u} .
H{u}<c (“l{cu}x)e) — (1 +¢I§M}(e) BY )CtT eremr,
since

{u} {u} {u} {u}
(af)rem B2 =1+ Z eipf B rem B> =1+ ¢ (e) B"".

iel™
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Whenever c rem g # 0, it follows that gb;iu}(e) can be read off modulo B"" from the quo-
tient of TT1™ (¢ (/" x)¢) and TT™ (cx®).

LEMMA 45. Letn, S, B, 2, Rbe as in (4.1), (4.2) and let (r,q,w) be as in Theorem 2.5. Then
we can compute the random parameters 11, pt (foru=1,...,Uand ke Nyw) and To,..., Ty_1
in time 1 O(S) and with a probability of success >1—1/8S.
Proof. The cost to generate n random elements Ty, ..., 7,—1in {1,...,r—=1} is

O(noy) =0(SlogS),

since we assumed S >n. The generation of Iéu}, eee, A{ffg_l can be done in time

Foru=1,...,U, we compute p{“} using Lemma 2.6 with e:=1/(SU+1). The computation
of a single p'*} takes time

O(n (logn+log(e™1))) (og P)°M =0(S)
and succeeds with probability at least 1 —e. The probability of success forallu=1,...,U

is atleast (1—e)Y>1—1/8, because

—-e -1 _log(1-1/S)
logd-o>7—==sg>— 1w

We conclude with the observation that log U =0O(log S). O

LEMMA 4.6. Assume that f is g-faithful and that I, 4(f) is known. Let T':=#I1,,,(f)<T.
Then we can compute H{“}(f) and H{“}(f(tx,{(”}x)) forallue{l,..., U} and k€ Ny in time

Ar(S)O(B7S).

Proof. For a fixed u€{1,..., U}, we can compute H{“}(f) and H{“}(f(a,{f’}x)) for all
kE N)l{u) in time

2AM A o) T v pog + M n O((T +log r) v™ ulog q)
by Lemma 4.3. From Lemma 3.9 and
nog=0(log§), (4.8)
we get
Ay 0. <18y oy 2= 0(yLlog S).
By definition of R and B, we have log r=O(log S + log B) = O(log S). By (4.1) we also

have £ =0(Slog? ). Hence the cost for computing TT*'(f) and TT™}( f («}" x)) simpli-
fies to

Ar(v™ o) O(T' yZlog S) +nO((T' +logr)yLlogS)

= Af(Z1ogS) O(yBS) +nO(yBS) (by (4.1) and (4.8))
= (Af(S)+m) O(B7S)
= As(S)O(B7S). (since n=0(Af(S)))

Since U =O(log min (£,n)) =0(log S), the total computation time for u=1,...,U is also
bounded by As(S) é(ﬁ’yS). O
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Consider a family of numbers ¢, ;€ Zva, where u=1,...,U, ke Nuw, and i€ N7
We say that the family (¢, ;) is a faithful exponent encoding for f if we have 1, i ; =
., gwviw-faithful exponent of f with téf:HT L g

nothing for the remaining numbers 1, 1 ;, which should be considered as garbage.

¢,£”} (e) whenevereisall w(x®). We require

COROLLARY 4.7. Assume that f is g-faithful and that I+, 4(f) is known. Then we may compute
a faithful exponent encoding for f in time As(S) O(B7S).

Proof. We compute all IT® () and T1* (f(a{" x)) using Lemma 4.6. Let ¢, ; and ¢, ; be
the coefficients of t in H{“}(f) and H{”}(f(tx,{(u}x)). Then we take o,k ;:=Cy ki/Cyiif Cou i
is divisible by ¢, ; and ¥, x;:=0 if not. For a fixed u € {1,...,U} all these divisions take
O(BS) bit-operations, using a similar reasoning as in the proof of Lemma 4.6. Since
U =0(ogS), the result follows. O

4.4. Approximate sparse interpolation

Let f=)", c.x’. We say that f= > CeX*EZ[x1,...,x,] is a T-approximation of f if #fSHS
and#(f—f)é%.

LEMMA 4.8. Let (r,q,w) be as in Theorem 2.5, with R as in (4.2). There is a Monte Carlo

algorithm that computes a T-approximation of f in time A¢(S) O(BS) and which succeeds with
317

probability at least 1 — FT

Proof. We first compute the required random parameters as in Lemma 4.5. This takes
time 7 O(S) and succeeds with probability at least 1 —1/S. We next compute I, ,(f)
using Lemma 4.2, which can be done in time

As(ay) rlogg+nO(rlogq) =As(S) O(Rlog R) +nO(R) = (A¢(S) +n) O(S).

We next apply Corollary 4.7 and compute a faithful exponent encoding for f, in time
3

Ar(S) O( B7S). By Lemma 4.4, this computation fails with probability at most 7 More-
over, in case of success, we have N* > (1 — %) N-— %, still with the notation of Lemma 4.4.

From (4.1)and S>T, we get T >BS—T>(B—1)S >S5 >n. This allows us to apply
Theorem 3.10 to the faithful exponent encoding for f. Let ey, ...,er—1 be the exponents
of [T, 4(f). Consider i € N7' such that there exists a Il 4-faithful term cx® of f with
I q(x%) = t% and 0, < X. Theorem 3.10 produces a guess for e for every such i. With
probability at least
288y U X Tn?log B

p

these guesses are all correct. The running time of this step is bounded by

1-TnUe "¢ =

O(yTZlog B)=0(B7S),

since logg=0(logS), S>n, and (4.7) imply log B=0O(log S).
Below we will show that

2
+ 288yUX.Tn"logB < 16

—/e —
Tnle 7 S5

(4.9)
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Let v be the smallest integer such that ¥ >2**+!

Lemma 4.3, which can be done in time

As(va)) T'voy +nO((T' +logr) viog q) = (Af(S) +1) O(BS) =Ar(S) O(BS).

. We finally compute I, 4(f) using

Let co, ..., c1'—1 € Zyv be such that
Iy g (f) = (cot®+ - +cr_1t7") mod q".
For every I, ,faithful term cx® of f with I, ,(x%) = t% and 0. < X, we have
IT¢,4v(cx®) = (c;imod g") t%,
S0 we can recover ¢ =¢; € Zgv from I, 5v(f).
With a probability at least 1 — % - %,
clearly have #f =T' < T=#f. Let f = f*+ f°, where f* (resp. f°) is the sum of the terms

of bit-size >X (resp. <X), so that N=#f > Then the definition of & implies that #f k%
and

all the above steps succeed. In that case, we

#(fb—f)gN—N*+%<%N+2“TT.
Consequently, 2 3T T
#f-I<=N+—7<5, (4.10)
VB P2

which means that f:=cox+ - -- 4 c7'_1 X7~ is a T-approximation of f.
In order to conclude, it remains to prove the claimed inequality (4.9). Using the def-
inition of 7y and the inequalities T<S, n<S, U<log, S +2< S, we have

TnU _ 1
g6 g3

TnUe 7/eg (4.11)

From (4.7) we have B >2°? and therefore B/ (2P) <+/B/({yB—2)<1+27%. So the
inequality X T < S yields
288y U X Tn?*logB < 577 ByUn?Slog B
p = VB '
Let us analyze the right-hand side of (4.12). Without further mention, we will frequently
use that $ >21°. First of all, we have

(4.12)

< logaS+1<(1/log2+ 1/log(216))log S$<1.54log S
640¢<15210g? S,

[6elog S1<(16.31+1/log (21%)) log S<17log S,

log, X +3<log,B+1ogrS5+3

2logoos+1ogr S+9<2logs (loga S+1) +1og, S+9<3logS.

T ™ o
/A I

It follows that
577 ByU <577 x152x 17 x31og* S <2 log* S. (4.13)

Now the function x— (log» )4/ xis decreasing for x > e, Consequently,

4 4 4
s _2(og2(25)) 17
sST 25 SoES?
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Similarly, (7§L /S%<174/232< 2715, Hence,

R = max(S,2%%) ,BZ =max (212§ 054,270 054) <2582

g < ROK230512
B < 292nt560<2%2510,5 <0325, (by (4.7))
This yields
log B<22log S+382log2<46logS. (4.14)

Combining (4.13), (4.14), and (4.7), we deduce that

577,87Un2810gB<46><223n2510g58<4_6><223n2510g55<6log5S

AN X B 4.15
VB /B 2261283 S? (4.15)
The inequalities (4.11), (4.12), and (4.15) finally yield the claimed bound:
2887 USTrlogB _ 1 6log’s w2
—v/e = — 52 S
Tnle + 7 < 33 + 3 3 <—S . O

Instead of just half of the coefficients, it is possible to compute any constant portion
of the terms with the same complexity. More precisely, given ¢ >0, we say that f is
a (T,¢)-approximation of f if #f~<#f and #(f—f) <LeT.

THEOREM 4.9. Let (r,q,w) be as in Theorem 2.5, with R as in (4.2). Given € >0, there is a
Monte Carlo algorithm that computes a (T, e)-approximation of f in time (Ag(S) +n) O(S +n)
and which succeeds with probability at least 1 — .

3 3 = T
ﬁ+5<£, so (4.10) becomes #(f — f) ez In

< ¢, whenever S > @. In other words, if S is sufficiently large,

Proof. When g =2°0¢> 1—? we have
€

addition, we have % + %

then the proof of Lemma 4.8 actually yields a (T, ¢)-approximation of f. We finally note

that By =0(log?5). O

4.5. Sparse interpolation

Once an approximation f of the sparse interpolation of f is known, we wish to obtain
better approximations by applying the same algorithm with f — f in the role of f. This
requires an efficient algorithm to evaluate f — f. In fact, we only need to compute pro-
jections of f — f as in Lemma 4.2 and to evaluate f — f at geometric sequences as in
Lemma 4.3. Building a blackbox for f turns out to be suboptimal for these tasks. Instead,
it is better to use the following lemma.

LEMMA 4.10. Letf € Z[xg,...,Xu—1] be written

f = c0x€°+ R cT_lxeT—l
where co,...,cr_1 € Z¥ and ey,...,er_1 EN", let r:=max;—q, ... 7_1 (¢, + 0p,), let (r,q,w) be as
in Theorem 2.5, and let Ty,..., Tu_1 bein {1,...,r—1}.
i. We can compute 11z, 4( f ) in time

Tn O(a+log q).
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ii. Given v>0, T' >0, an element & € Zyqvz of order v, and a = (a, ..., ay-1) € Nglv, we can

compute f (ag@'™,...,a,_1 @' ™) fori=0,...,T' —1in time

TO(0) + (T+n)logrO(vlog q) + O(T' vlog q).
Proof. Given i€ Nr, the projections I 4(x*) = (ei0ToH - Fein1Tu-IEMT capy he computed
in time 7 O(c +log r). The projections I, 4(c;x“) = (c;rem q) I, ;(x*) can be obtained
using O(c +log q) further operations. Adding up these projections for i=0,..., T —1 takes
O(Tlog q) operations. Altogether, this yields (7).

As for part (ii) we follow the proof of Lemma 4.3. We first compute 0:= (&™,...,0™?)
with nlogr O(vlog q) by binary powering. The reductions epremr,...,er_; remr of expo-
nents are obtained in time TO(¢). Then, the powers 6°,...,0-1and a®,...,a’""" can be
deduced in time T'log r O(vlog q).

Let g(x):= f(ax). Then we have

(1) 1 1 1 a¢q
g(0) _ 9o g4 e geT-1 afley
(67 T -Deo g(T'-ver . g Dera || gerig,

By the transposition principle, this matrix-vector product can be computed with the same
cost as multi-point evaluation of a univariate polynomial. We conclude that g(1),g(#),...,
g(@l_l) can be computed in time O((T+ T vlogq). O

We are now ready to complete the proof of our main result.

Proof of Theorem 1.1. We set S:=XT and take 3, R as in (4.2). Thanks to Theorem 2.5,
we may compute a suitable triple (r,q, w) in time O((log ROy = O((log $)°9M) with
probability of success at least 1 —¢, where e:=1/8.

Let J:=[log, T1+ 1. Let TV :=[T/2/] and £ := |8S/T"] for j=0,...,]. Starting
with {:=0, we compute a sequence f©, V..., £ of successive approximations of f
as follows. Assuming that f* is known for some j < J, we apply Lemma 4.8 with f —
£ and T in the roles of f and T. With high probability, this yields a T*-approxima-
tion 6 of f— £ and we set fU*V:= ) 4 5. Taking f into account in Lemma 4.8
requires the following changes in the complexity analysis:

e Since f U has <T terms of size <%, ’che~ contribution of the evaluation of f O for the

complexity bound of Lemma 4.2 is Tnn O(X +log q), thanks to part (i) of Lemma 4.10.

Therefore, the complexity bound of Lemma 4.2 with f — £ in the role of f becomes

Ar(ay) r(7q+né(rlog QH+Tn O(Z+log q) =Ar(0y) é(rlog q) +10(S),

using (4.1) and (4.2).
e The contribution of the evaluation of f*” for the complexity bound of Lemma 4.3 is

TO(Z) + (T+n)logrO(vlogq) +O(T viog q)

thanks to part (if) of Lemma 4.10. Therefore, the complexity bound of Lemma 4.3
with f — £ in the role of f becomes

As(va) T'vay+nO((T’ +logr) viogq) + O(S),
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whenever v=0(X).
It follows that the complexity bounds of Lemmas 4.6, 4.8, and Corollary 4.7 remain
unchanged when replacing f by f — . The total running time for computing the
sequence 0, f1 . £)is therefore bounded by

JAF(S) O(BYS)=As(S) O(S).
Using the inequalities ] < 05+ 1 and S >2!°, the probability of failure is bounded by

1 3 17 1 3 17 1
: [z* ﬁ*?)“"”” Fetiet¥)<z

. () .
If none of the steps fail, then #(f — fU*1) g% <TY*Y for j=0,...,] -1, by induction. In
icular, # (hy T2 1 — £
particular, #(f — f) <————=5,s0 f = f"". a

Remark 4.11. As interesting open problem is whether the complexity bound in The-

orem 1.1 can be replaced by Af(S yO(S), where S is a given bound on the bit-size of f.
This was erroneously asserted in a prior version of this paper [27] and such a bound
would be more efficient in cases where the sizes of the coefficients and exponents of f

vary widely. Here, the first difficulty appears when a first approximation f of f has

O(S) terms with small coefficients and f — f has just a few terms but huge coefficients of
bit-size O(S): the evaluation cost of f in part (if) of Lemma 4.10 would need to remain in
O(S). Recent advances in this problem can be found in [18] for the univariate case. Note
that the bound Af(S Yy O(8) is still achieved in the approximate version (Theorem 4.9)
of our main theorem.

5. PRACTICAL VARIANTS

For practical purposes, the choice of R >2° 2 is not realistic. The high constant 2 is
due to the fact that we rely on [44] for unconditional proofs for the existence of prime
numbers with the desirable properties from Theorem 2.5. Such unconditional number
theoretic proofs are typically very hard and lead to pessimistic constants. Numerical
evidence shows that a much smaller constant would do in practice: see [16, section 4]
and [40, section 2.2.2]. For the univariate case the complexity of the sparse interpolation
algorithm in [40] is made precise in term of the logarithmic factors.

The exposition so far has also been optimized for simplicity of presentation rather
than practical efficiency: some of the other constant factors might be sharpened further
and some of the logarithmic factors in the complexity bounds might be removed. In prac-
tical implementations, one may simply squeeze all thresholds until the error rate becomes
unacceptably high. Here one may exploit the “auto-correcting” properties of the algo-

rithm. For instance, although the T‘”-approximation 6 from the proof of Theorem 1.1
may contain incorrect terms, most of these terms will be removed at the next iteration.

Our exposition so far has also been optimized for full generality. For applications,
a high number of, say 10000, variables may be useful, but the bit-size of individual expo-
nents rarely exceeds the machine precision. In fact, most multivariate polynomials f of
practical interest are of low or moderately large total degree. A lot of the technical diffi-
culties from the previous sections disappear in that case. In this section we will describe
some practical variants of our sparse interpolation algorithm, with a main focus on this
special case.
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5.1. Conducting most computations in double precision

In practice, the evaluation of our modular blackbox polynomial is typically an order of
magnitude faster if the modulus fits into a double precision number (e.g. 53 bits if we
rely on floating point arithmetic and 64 bits when using integer arithmetic). In this sub-
section, we describe some techniques that can be used to minimize the use of multiple
precision arithmetic.

Chinese remaindering. If the individual exponents of f are small, but its coefficients are
allowed to be large, then it is classical to proceed in two phases. We first determine the
exponents using double precision arithmetic only. Knowing these exponents, we next
determine the coefficients using modular arithmetic and the Chinese remainder theorem:
modulo any small prime g, we may efficiently compute f rem g using only #f evalua-
tions of f modulo g on a geometric progression, followed by [25, section 5.1]. Doing this
for enough small primes, we may then reconstruct the coefficients of f using Chinese
remaindering. Only the Chinese remaindering step involves a limited but unavoidable
amount of multi-precision arithmetic. By determining only the coefficients of size <X,
where X is repeatedly doubled until we reach S, the whole second phase can be accom-
plished in time Af(O(1)) O(Slog S) + O(Slog3 S).

Tangent numbers. One important trick that was used in section 4.3 was to encode qb,{(u} (e)

inside an integer 1 + ¢,§u}(e) B"" modulo B2"" of doubled precision 2 v g5 instead of
v gp. In practice, this often leads us to exceed the machine precision. An alternative
approach (which is reminiscent of the ones from [19, 32]) is to work with tangent num-
bers: let us now take

I .= 11 )

T,1,BY

L [ 1epfTe ifier”
ki 1 otherwise

where IT™ is extended to Z[x, ..., x,—1]1[€]/ (%) and where a,ﬁfﬁ»} EZy,wlel/ (€?). Then,
for any term cx, we have

T (cx?) = ct™e
™ (c(a %)) = (1+¢e)e)ct™,
S0 we may again obtain (p,i”}(e) from IT% (¢ (" x)¢) and IT™ (cx®) using one division. Of

course, this requires our ability to evaluate f at elements of ((Z/B v Z)[e]/ (e2)", which

is indeed the case if f is given by an SLP. Note that arithmetic in (Z/ Bv" Z)[e]/ (€%
is about three times as expensive as arithmetic in Z /B vy,

Small prime divisors. Although the algorithm divisors from section 2.4 is asymptoti-
cally efficient, it relies heavily on multiple precision arithmetic. If all p; and a; fit within
machine numbers and min (1, N) is not too large, then we expect it to be more effi-
cient to simply compute all remainders a;rem p;. After the computation of pre-inverses
for p;, such remainders can be computed using only a few hardware instructions, and
these computations can easily be vectorized [29]. As a consequence, we only expect the
asymptotically faster algorithm divisors to become interesting for very large sizes like
min (1, N) >1000. Of course, we may easily modify divisors to fall back on the naive
algorithm below a certain threshold (recursive calls included); vectorization can still be
beneficial even for moderate sizes [12].
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Chinese remaindering, bis. As explained above, if f has only small exponents, then
multiple precision arithmetic is only needed during the Chinese remaindering step that
recovers the coefficients from modular projections. If f actually does contain some expo-
nents that exceed machine precision, is it still possible to avoid most of the multiple
precision arithmetic?

Let (r,g, w) be a triple as in Theorem 2.5. In order to avoid evaluations of f modulo
large integers of the form 4", we wish to use Chinese remaindering. Let (7,41, w1),...,
(r,4y, wy) be v triples as in Theorem 2.5 with ¢q; - - - q, >g", the g; pairwise distinct, and
where 7 is shared by all triples. Since there are many primes r for which (2R, R®) N
(rN + 1) contains at least R°/ (24 log R) primes, such triples can still be found with high
probability. In practice, (2R, 10R (log v)%) N (rN + 1) already contains enough prime
numbers.

Evaluations of f modulo 4" are now replaced by separate evaluations modulo g3,...,4y
after which we can reconstruct evaluations modulo g1 - - - g, using Chinese remaindering.

However, one crucial additional idea that we used in Lemma 4.3 is that f is automati-
cally g"~faithful as soon as it is g-faithful. In the multi-modular setting, if f is g;-faithful,

then it is still true that the exponents of f rem g; are contained in the exponents of f rem ¢
fori=1,...,v. This is sufficient for Lemma 4.3 to generalize.

5.2. The mystery exponent game

Let dy,...,d,—1 be bounds for the degree of f in xo,...,x,_1, let V be a bound for the
maximal number of variables that can occur in a term of f, and let py,...,p,—1 the prime
numbers from section 3.1.

Assume that our polynomial f has only nonnegative “moderately large exponents”
in the sense that V max (dopy, ...,du—1pn—1) fits into a machine number. Then we may
simplify the setup from section 3.1 by taking

m := [n/V]
A= [y V]
P := [ynlogn]
Prle) = ZpieiEN
i€l
ple) = (Pole),...,Pa—1(e)) EN?,

where ¢ >2 and 1> 2 are small constants and where we forget about B and v. For any
Y= (~%o,...,Pr-1) € N4 let #:=|{ke N : ¢ #0}|. In this simplified setup, one may use
the following algorithm to retrieve e from ¢(e):

Algorithm 5.1
Input: y € N,
Output: e with ¢(e) = x or failed.
Lete:=0, ¢:=yx, and X:= (.
While there exist ke N, and i € N,, with p;| ¢ # 0 and (k,7) ¢ X do:
Let g:=¢/p:.
Let 6:=¢(0,71%,0,4,0,...,0).



28 FAST INTERPOLATION OF MULTIVARIATE POLYNOMIALS WITH SPARSE EXPONENTS

If ;< é; for some jE€ N or #(p— &) 2 #¢, then let X:= XU {(k,7)}.
Otherwise, update ¢;:=¢;+¢, :=p— 4, and X:= (.

If =0, then return e.

Otherwise, return failed.

The probability of success is non-trivial to analyze due to the interplay of the choices
of po,...,pn—1 and the updates of . For this reason, we consider the algorithm to be
heuristic. Nevertheless, returned values are always correct:

PROPOSITION 5.1. Algorithm 5.1 is correct.

Proof. By construction, we have the loop invariant that ¢(e) + 1 = x, so the answer is
clearly correct in case of success. The set of “problematic pairs” X was introduced in
order to guarantee progress and avoid infinite loops. Indeed, #i strictly decreases at
every update of 1. For definiteness, we also ensured that i remains in N* throughout
the algorithm. (One may actually release this restriction, since incorrect decisions may
be corrected later during the execution.) O

Remark 5.2. Algorithm 5.1 has one interesting advantage with respect to the method
from section 3: the correct determination of some of the e; leads to a simplification of ¢,
which diminishes the number of collisions (i.e. entries =" el pié; such that the sum
contains at least two non-zero terms). This allows the algorithm to discover more coeffi-
cients e; that might have been missed without the updates of 1. As a result, the algorithm
may succeed for lower values of y and A, e.g. for a more compressed encoding of e.

Remark 5.3. From a complexity perspective, some adaptations are needed to make Algo-
rithm 5.1 run in quasi-linear time. Firstly, one carefully has to represent the sets I so as to
make the updates i:= ¢ — § efficient. Secondly, from a theoretical point of view, it is better
to collect pairs (k,i) with p;| 1, # 0 in one big pass (thereby benefiting from Lemma 2.7)
and perform the updates during a second pass. However, this second “optimization”
is only useful in practice when n becomes very large (i.e. n>10000), as explained in
the previous subsection.

Algorithm 5.1 is very similar to the mystery ball game algorithm from [23]. This
analogy suggests to choose the random sets I; in a slightly different way: let o, {1, &2
N; — N, be random maps, where ¢:=[yn/3]1and A:=3¢=23[yn/3], and take

Lprk:=&'({k}),  jENzkEN,.

Assuming for simplicity that e; =1;/ p; whenever p;| ¢y in our algorithm, the probability
of success was analyzed in [23]. It turns out that there is a phase change around it ~
1.22179 (and it/ 3 = 0.407265). For any 7 > it and € >0, numeric evidence suggests
that the probability of success exceeds 1 — ¢ for sufficiently large .

This should be compared with our original choice of the Ii, for which the mere prob-
ability that a given index i € N, belongs to none of the I is roughly (1 - %)W ~e . We
clearly will not be able to determine e¢; whenever this happens. Moreover, the probability
that this does not happen for any i € N,, is roughly 1 —ne™7. In order to ensure that

_ 1
1-ne 7>1-

Tooo” Says this requires us to take y >logn +7.
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5.3. The Ben-Or-Tiwari encoding

Ben-Or and Tiwari's seminal algorithm for sparse interpolation [6] contained another
way to encode multivariate exponents, based on the prime factorization of integers:
given n pairwise distinct prime numbers py, ..., pn—1, We encode an exponent
e=(eq,...,en-1) EN"as ¢pp(e) :==pg’ - - - py'-i. Ben-Or and Tiwari simply chose p; to be
the (i+1)-th prime number. For our purposes, it is better to pick n pairwise distinct small
random primes P/log P<py,...,pn—1< P with P=0(nlogn). Using (a further extension
of) Lemma 2.7, we may efficiently bulk retrieve e from ¢y (e) for large sets of exponents e.

The Ben-Or-Tiwari encoding can also be used in combination with the ideas from
section 4.3. The idea is to compute both 11, ,(f) and I1.,,(g) with g(x):= f(px) =
f(poxo,...,Pn—1Xn—1). For monomials cx¢, we have

Ig,q(cx®) = ct™
Ierg(c(px)®) = cple)t™,

so we can again compute ¢pi(e) as the quotient of I, 5(c (px)®) and Hfrr,q(cx“).

If the total degree of f is bounded by a small number D, then the Ben-Or-Tiwari
encoding is very compact. In that case, all exponents e of f indeed satisfy ¢p(e) < PP,

whence 0y,,() <D op. However, if D is a bit larger (say n=100 and D=10), then PP might

not fit into a machine integer and there is no obvious way to break the encoding ¢p(e)
up in smaller parts that would fit into machine integers.

By contrast, the encoding ¢ from the previous subsection uses a vector of numbers
that do fit into machine integers, under mild conditions. Another difference is that o) <
[Y V1 (0w + 0p+ o2p) only grows linearly with V instead of D, and only logarithmically
with D. As soon as 1 is large and D not very small, this encoding should therefore be
more efficient for practical purposes.

Acknowledgments We wish to thank the authors of [18] who pointed out a mistake in
our original version of Theorem 1.1: see Remark 4.11. We also thank the reviewers for
their helpful comments.
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